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Theorem 1:
An irrational number times a rational number equals an irrational number.
Proof (by contradiction):
Let i = irrational, and let p/q be a rational where p and g are integers.

. a . . a- : .
Assume i.P_ Bwhereaand bareintegers = i = b_q = i = rational //

q P

Theorem 2:
An irrational number plus a rational number equals an irrational number.
Proof (by contradiction):
Let i = irrational, and let p/q be a rational where p and q are integers.

Assume i + 2 = & whereaand bareintegers = i = a_p_aq-bp
q b b q bg

Theorem 3:

Givenanyirrationalnummberi andany &, thereexista rationalnumberp/qsuch that|i — p/q| < e.

In other words, any irrationalnumbercan be approximaed with a rationalnumberas closeas we want.
Proof

= i = rational //

Lete =1/10" wherenisaninteger/|i —p/q| < 1/10" = i—p/q < 1/10" and p/q —i < 1/10" =

i—1/10" <p/g< i+1/10" = i-q — ¢/10" < p < i-q+q/10"

Let q=1/e=10" = i-10" -1 <p <i-10" +1 (1)

Claim p=int(i-10" ) + 1 which wilsatify theabove inequality

i-10" isirrationalby abovetheorem = i-10" # integer = int(i-10" )< i-10" =

p=int(i-10" ) + 1 < i-10" + 1 satisfyingrightsideof (1)

Letz beany number.Then by definitionof int(), z—int(z) < 1= z—int(z)< 2= i-10" — int(i-10" )< 2
=i-10" <int(i-10") + 2 = i-10" -1 < p=int(i-10" ) + 1 satisfyingleftsideof (1) //

Example:

Leti=~/2 and let £ =1/10°. Then q=1/& =10° and p=int (i-10°%) +1=1414213562 +1=1414213563
1414213563

g=——""—=1.424213563
1000000000

Check:
1414213563
|2 - 1414213568

|=11.4142135623731----1.414213563| = 0.000000000626---< & //
1000000000

Simply stated, take the decimal representation of the irrational number to n places, and add a one
to the least significant digit.
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Theorem 4:

Let p be a prime and let m and n be integers such that n does not divide m, then pm/n isirrational

Proof (by contradiction):

ndoes notdividem = m/n = c+d/n wherecandd areintegersc>0, andd<n = pm/n =p°+°'/n

n c+d/n d/n

= p™"M_p = p®. p%" Now pCisrationak= p® - p¥M and p™ sharethesame rationaliy because
dividinga rationalby a rationalyieldsa rational anddividinganirrationabya rationalyieldsanirrational
Sotheproblembecomessomewhatsimplifiedto thatof testingtherationaliy of pd/ "

Assume pd/” =a/bwherea andbarepositiveintegersreduced tolowest tems = pOI =a"b" =

a" =p9b" = pdividesa= a=pr, raninteger= (pr)" =pb" = p"r" =p%" =

pn—drn

p¥Misirrationaks p¢ - p¥" = p™Misirrational/

=b" = pdividesb contradicing thefact thata andb werereducedto lowest tems. Therefore

Theorem 5:

m/n

Let pand g be primes and let m and n be integers such that n does not divide m, then (pg)" " is irrational

Proof (by contradiction):

m/n )c+d/n

ndoes notdividem = m/n = c+d/n wherecandd areintegersc>0, andd<n = (pq)

= (pg)™" =(pa)® " = (pa)® - (pg)*". Now (pq)’ isrational=> (pa)® - (pg)*" and (pg)*" sharethe
same rationaliy because dividinga rationalby a rationalyieldsa rational anddividinganirrationabya rational

yieldsanirrational So theproblembecomessomewhatsimplifiecto thatof testingtherationaliy of (pq)d/ n,

d/n

=(pq

c+d/n d/n

Assume(pg)™ =a/bwherea andb arepositiveintegersreduced tolowest tems = (pq)ﬁI =a"b" =
a" =(pg)?b" = pqdividesa= a=par, raninteger= (pgr)" =(Ea)’b" = ()" r" =(pg)b" =
(pa)

(pa)

n-dy" _p" — pqdividesh contradicing thefact thata andb werereducedto lowest tems. Therefore

din _

M isirrational= (pq)° - (p9)?" = (pq)

MM isirrational/

Corollary:
Letpy, po,---p; berdistinct primes, and let m and n be integers such that n does not divide m.

Then (py - o, -+ py)™" isirrational
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Theorem 6:
Let z be an integer, and let m and n be integers such that n does not divide m.

Then z™" is either an integer or it is irrational.
Proof

Case1: z™" isan integer. Example 82 isan integer.

m/n

Case2 : (Proof by contradiction) z isa non - integer and assumed rational.

ndoes not dividem = m/n = c+d/n where candd areintegers, c>0, andd<n = z™n =z¢+dn

/n c+d/n Zd d/n

= zM =z = 2% 29 Now z€ is rational integer = z¢ -
because dividing a rational by a rational yields a rational, and dividing an irrational by a rational yields an

irrational. So the problem becomes somewhat simplified to that of testing the rationality of 24

Zd/n =Zm/n /ZC :Zd/

/" and 29" share the same rationality

" is a non - integer because a non - integer divided by an integer is a non - integer.

Assume z9" = a/b where a and b are positive integers such that b does not divide a since it is assumed that

Zd/ d

" isanon -integer = z% =a"/b". But here lies the contradiction. The left side z9 is an integer, but

the right side a”/b" is a non - integer because if b does not divide a, then b" will not divide a".

d/n d/n m/|

Therefore if z%" isa non - integer, then it must be irrational = z¢- z%" = z™" isirrational//

Axiom:
Let c be real such that c is an arbitrary constant, and let n be a positive integer.

Then lim_c/n =0

Lemma 1:
Let c be real such that c is an arbitrary constant, and let n be a positive integer.

Then plim_n+c=n
Proof

nlim_cn =0 < (lim_1+ch =1« plim_n+c=n//

In other words, a finite number added to an infinite number leaves the infinite number
unchanged.

Lemma 2:

Let rand z be real such that r >1and z > 0 thenr? >1

Proof

r>s1=1Inr>0= z-Inr>0 = 2N 5e0 =251y

Lemma 3: (To be completed)
Lets, c be real such that s >1, and c an arbitrary constant, and let n be a positive integer.

: n _ N
Then plim_s" +c =s

Proof
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