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Binomial Theorem
(a+z) =a' +%ar_1z i (rzT Dgr-2,2 , re=he=2) (r—13)'(r—2) a"3z3 + .

Proof':

f(z) = f(0) +

i 2.2 e 3
f ((1)') Z n £7(0)-z + f(0)-2 + --- by TaylorSeries

2 3|
fi2)=(a+2) =f'@2) =r@a+2)"", f2@) =r@-D@a+2)"2, £22) = r@c-D)r-2)@a+2)"",etc.=
f0)=a’, £1(0) = ra™, £2(0) = r(r=D)a" 2, £3(0) = r(r=D(r-2)a">,etc. =
(a_'_z)r:ar_'_iar—lz n r(r-1) af=2,2 | rr-N(r-2) at 3,3 L ..

1! 2! 3!
Examplel:
1

\Ja—X2

1
2y 2 -1/2 a32x2 3.279/2x% 3.5.277/2x6 3.5.7.,79/248
(a—x ) =4 + + + + T+ e =

2.1 22 .21 23 .3 24 .41

1
fix) = (a—x2) 2 = = z=-x and r=-1/2 =

1

f(172) = (3—1/4)_E —a V24 a2 3.a72  3.5.2772  3.5.7.2792

2310 20.2 29 .31 212 .41
1
- -3/2 -5/2 -7/2 -9/2
a2 f12) = (T/4) 2=V 20 3277 382 8 8572 T
2211 20.2 29 .31 212 .41
1
Gia 2o L, | 3 3.5 3.5.7

1
— + + + o=
N2 4o 284221 212231 2104741

2

(7/4)_2=—=L(1+ 41 + 83 + 132'5 +31'65'7+~-j//
NG 2411 2821 212031 olog
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Theorem (Chord to Arc Length)

Given a chord of length C inscribed in a circle of radius one, the arc length S of the arc
associated with chord C will be:

S = plimit S, whereS, is defined as follows::

S;=2v2-44-C*
szzzsz—V2+V4—c2
S3:23J2—J2+V2+V4—C2
s4=24J2—J2+J2+V2+V4—C2

85:25Jz—J2+J2+J2+V2+V4—C2 etc.

Proof:

With respect to Figure (Chord to Arc Length 1), Arc DEF is associated with Chord DF of length
C. The objective is to measure arc length of Arc DEF. Note that if Chord C was a diameter
(length 2), arc length would equal exactly % circumference which equals 7.

Figure (Chord to Arc Length 1)

s
V2-Va-c?

C/2

1-C%/4

0 s E
C/2
1-V1-C? /4
.
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Given OE is perpendicuar tochord C = OE bisectschord C =

DG=C2 = 0G=V1-C?/4 = GE=1-+ 1-C? /4
Now ADGE s a right triangle with height C/2 and base GE =

2
DE = \/(C/2)2+(1—\/1—C2/4j = Jc2/4+1+(1—c2/4)—2\/1—c2/4 :\/2—\/4—(:2

LetC; = DE=EF= 1 2-v4- C? and let S| =DE + EF be the first approximation to Arc Segment DEF.

and therefore S| = 2y2—-V4 - c?

Now draw a radius OH bisectingchord DE and repeat this processto calculatethe length of chord C,

created by connectingpoint D to point H.See Figure(Chord to Arc Length 2).

Figure (Chord to Arc Length 2)

Page 4 of 9



By examiningthis processof "chord bisecting' we see that chord C of length C yeildschord C;

whereCy = 2-4-C? . Thereforerepeatingthis process yeilds C, = 4/ 2—«[4—C12 ,
Cy3 =4 2-44-Cy2% -+ ,C, = Jz—w/4—cn_12

- -

C, = \/ 2-2+V4- C? From Figuresl and 2, note that a closerapproximaton tolength of arc DEF

is4x C, .CallthisS, andnoteS, = 22 \/ 2—\/2+\/4—C2 .. Againrepeatingthis process yields
S; = 23-\/2—\/2+\/2+\/4—C2 , Sy = 24-\/2—\/2+J2+\/2+\/4—c2 etc.

Thereforearclengthof DEF= jlimit S,  //

Theorem (maybe useless but interesting byproduct of Chord to Arc Length Theorem)

2 = \/2+\/2+\/2+\/2+m

Proof':

Letn=\/2+\/2+\/2+\/2+\/2+\/ﬁ =n? = 2+\/2+J2+J2+m =

n? =2+n = n=2 /
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Theorem (Arc Length to Chord)
Given an Arc of length S of a circle of radius one, its associated chord will be of length C and
C = plimit  C, whereC,, is definedas follows:

cl_\/4 (s2/a-2f
\/ (32/42 2)2 j
[32/43 2)2 J 2}

= [a- [((szm“z)zzjzsz 2 etc.

Proof:

SinceeachS, in theprevioustheoremis a functionof C,and C and be expressedas an

inversefunctionof S, , thenC,, can be definedforalln as listed below.

S;=2V2-V4-C? = ¢ =J4—(sz/4—2)2
szzzz\/z—\/2+\/4—c2 :czz\/4—[(sz/42—2)2—2j2

;=23 \/2—J2+m = C;= 4—([(32/43 —2)2 —2}2 —2}2

2

2 2
s4=24\/2—\/2+\/2+\/2+\/4—c2 = Cy=|4- (((52/44—2)2—2j —2] —2|  ete

Therefore S = ,limit S, = C = plimit C,
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Theorem (Sum of Reciprocals of Roots)

If 1y, 1y, -+ 1, areroots to theequation y = x" + an_lxn_1 + -+ + ajx + ag then
a 1 1 1 .

ag = (-1)" -1y -1y -+ -1, (productof roots), and — R — (sumof reciprocak of roots)
a NI Tn

Proof : (by induction)
Case n=2:y = x2 + ax +apg = (xX-n)x-n) = x? - (M+n)x +1q-1n
1 1 I +r a
Note — + — =42 = _ 1
I'l I'2 I'l'I'z ao
Case n=3: y = (x—rl)(x—rz)(x—r3) = X3 - (I’l +I'2 +I'3)X2 + (1'1 2y +I'1 ‘13 +I'2 'I'3)X — 1113
1 1 1 I I3 +1 13 +17 T a
Note — + —+ —= 2313712 _ 71
1 Iy 1'3 n-1mn '1'3 ao
1

Assumetrueforn = y = x" +a,_;x" ' + -+ a;x + agy and

P P P
1 1 1 — 4+ — 4+ e 4+ —
a r r T,
__1=_+_+..._|__= 1 2 nwhereP:rl.rz....rn
ag 1 1 Iy P

Now (X —Tpyp) Y = (X—Typp) (X" + a,_x" ™+ 4 ax + ag) =

"t ap_ X"+ e+ a1x2 +agx) — ryy (x" + an_lxn_1 + -+ agx +ag) =
XIH—1 + ann + - + b2X2 + apX — Iy 41X — Inyg-Qg =
by =ag —ryip-a; and by = — 145739 =

b ag — T -a 1 a 1 1 1
_b_ag st L a1 1

by h4+1 -2 Iyl ag n on 41
by = = (-1 H" = (—nn+l /!
0= —Tnt1°89 = (Dry D7y oooory = (D)7 ey e oty Ty
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Theorem (Taylor Series)

Iff(x) = ag + aj(x—a) + ay(x—2a)” + az(x—a)’ + az(x—-a)*+ - (1)
then f(x) = f(a) + fl(a)if(_a) + fz(a)(;_a)2 + f3(a>(;_a>3 N f4(a>(j;—a>4 ‘o

Proof

fl(x) =a; + 2a(x—a) + 3a3(x—a)2 + 4a4(x—a)3+ 5a5(x—a)4+
f2(x) = 2a, + 3-2a3(x—a) + 4-3a4(x—a)> + 5-das(x—a)> + -
f3(x) = 3-2a3 + 4-3-2a4(x—a)+ 5-4-3a5(x—a)> + -

f4x) = 4-3-2a4 + 5-4-3-2a5(x—a)+ ---

f3(x) = 5-4-3-2a5 + -

etc. =
fa) = a
1
fl(a) =a; = a| = fl('a)
2
f2(a) = 2a, = a, = fz('a)
3 ()
f (a):3-2a3 = a3z = 31
4
f4(a) =4.3-2a, = ay = f4('a)
5 £>(a)
f (3)25'4'3'235 = a5 = 51
etc.
. . . _ fla) . .
Therefore replacing each a; in equation (1) with —— gives the desired result //

1!
Note : Setting a = 0 yields the Maclaurin Series
1 2 2 3 3 4 4
f((l)')x+f(0)x +f(0)x +f(0)x N

fx) = 10) + 2l 31 41
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Theorem (Sin(x) Series)

 x° x x

Sinx)=x - —+ — - — + — +
a5 79
Proof
f(x)=Sin(x), ' (x) = Cos(x), f2(x) = —Sin(x), £>(x) = —Cos(x), £*(x) = Sin(x), £ (x) = Cos(x) etc.
= f(0)=0, f'0)=1, f20) =0, f3(0) = -1, f*©0) = 0, £>(0) = 1 etc.
Replacingthe f i (0) in theMaclaurinSeries
2 2 3 3 4 4
PO’ | Pow®  rfowt
2! 3 41
with0,1,0,—1,0etc. givesthedesiredresult

1
f(x) = f(0) + - (?')(X) +

Theorem (&)

I'X

e " = cos(x)+1-sin(x)
Proof:
. x x> x! X
sin(x) =x - — 4+ — — — + — +
3! S 7 9
2 4 6 8
X X X X
cos(x)=1- — + — - — + —

_l’_
2! 4 6! 8
2 3 4 5
=tz + o+ v 2 fromTaylorSeries =
2031 4 58!

1-X . X2 1 X3 X4 l'X5 X6 1 X7 X8 1 X9
et=1l4+i-x-—-— — -— - — +o >
200 30 4 51 6 71 8 ol
o X2 X4 6 8 X3 XS X7 X9
e=1- — 4+ ——-—+—+ Fix - — 4+ ==+ =
24 6 ¥ I 579
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