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Combinatorial vs. Non-Combinatorial

Recall from Basic Probability the definition of an “r-combination”. Given n objects, an r-combination is any
selection of r out of n objects without regard to sequence or order of arrangement. The total number of r-
combinations selected from n objects is notated as ,C,.

Example 1 (Combinatorial Problem)

Given 3 objects A, B, and C. How many ways can 2 objects be selected from this set of 3. There are 3 ways: AB,
AC, and BC. Note that there is no regard to ordering because the act selecting A then B is considered the same as
selecting B then A. The number of ways of selecting 2 out of 3 objects is notated as ;C, = 3.

Example 2 (Combinatorial Problem)

A system is made up of three black boxes A, B, and C. All three boxes are powered up at the same time. System
failure is defined to be the state of which any one box is failed. How many ways can the system maintain operation?
There is 1 way this system can operate i.e. 1 = 3C; accounting for A, B, and C all operating.

Example 3 (Combinatorial Problem)

A system is made up of three black boxes A, B, and C. All three boxes are powered up at the same time. System
failure is defined to be the state of which any two or more boxes have failed. a. How many ways can the system
maintain operation?

There are 4 ways this system can operate. They are 1 = 3C; accounting for A, B, and C operating, and 3 = 3C,
accounting for A and B, A and C, or B and C operating.

b. How many ways can the system fail?

There are 4 ways this system can fail. They are 3 = 3C; accounting for A and B, A and C, or B and C failing, and 1
= 3Cpaccounting for A, B, and C failing.

Example 4 (A non-combinatorial Problem)

A system is made up of two black boxes A and B that are powered up at the same time. System failure is defined to
be the state of which both boxes are failed and A fails before B. Note: B failing before A is not considered as a
system failure. How many ways can A fail before B?

There are only two ways both boxes can fail, A before B, or B before A. Therefore the answer to the above is one of
the two ways.

Note: Example 3 is a permutation problem as opposed to a combination problem. The important thing to keep in
mind is that this problem involves a specified sequence, and therefore classified as non-combinatorial.

Example 5 (Non-combinatorial Problem)

A system is made up of two black boxes A and B. A is powered on, while B is powered off in standby mode. The
instant A fails, box B is powered on replacing A. System failure is defined to be the state in which both A and B are
failed. At any given time t, what is the probability that the system will be found operational?

Example 6 (Non-combinatorial Problem)

A system is made up of two identical resistors in parallel. System failure is defined to be the state in which both
resistors are failed. The failure rate of both resistors are equal during normal operation. However when one resistor
fails, the remaining resistor experiences a change in failure rate (increase) due to an increased loading effect. At any
given time t, what is the probability that the system will be found operational?

Example 7 (Non-combinatorial Problem)

A system is made up of one black box with a known failure rate. Each time a failure is detected, the black box is
repaired and put back in operation. The average time to repair is known. At any given time, what is the probability
that the box will be found in operation?
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Typical Markov State Diagram
A Markov diagram is a tool used to document (capture) the gualitative logic of a system’s behavior. The

following diagram shows a typical Markov State having n input transitions with constant failure rates aj, and m
output transitions with constant failure rates by.

transitions
to other states

transitions
from other states

There are several methods used for quantitative analysis, i.e. calculating Pi, the probability of being in state i. The
best known method requires solutions to a set of simultaneous differential equations (DEs). The DEs are by-
products of the State Diagram. Once the State Diagram is constructed i.e. once the qualitative analysis is
performed on the system, the DEs manifest themselves, one for each state. The DE equation (general form)
associated with each State i is written as follows:

dP ; n m where aj are transitions into State i, and bk are transitions leaving State
dt Zla iPi- kZlb k | Pi i as shown in the above diagram..
] = =

Example Diagram with Associated DE Equations:
Two black boxes start operation at the same time. Box A has failure rate a and Box B has failure rate b.
Successful system operation requires that Box A or Box B or both be functional. Find Ps .

Markov State Diagram

The State Diagram at the right shows a system with 4 A Failed

states namely (1), (2), (3), and (4). Let P1 denote the

probability of the system being in State 1, i.e. the “Full System Fail
Up” state (no failures). Let P2 denote the probability of Full Up p (BoxAand B Failed)

represent transitions from one state to another. The a B Failed
and b of this example represent transition rates i.e. the are /’

b
rate of which one state is transitioning to another. Then \@

according to the above “general” DE equation:

dPl/dt = —(a+b)P1, dP2/dt = aP1-bP2, dP3/dt = bP1-aP3, dP4/dt = bP2+aP3
Note: States may not have any input transitions or output transitions as shown by States (1) and (4) above.

(
a
the system being in State 2 etc. The arrowed lines \

Another quantitative analysis method, known as the State Sequence Method, allows the analyst more insight into
the logic flow and mathematics of the problem. The following examples utilize the DE Method to illustrate how
state equations are derived, and employ the State Sequence Method to give the reader more insight into how
solutions are derived (shows the Markov process flow).
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2 Components in Series (Combinatorial):

Two black boxes start operation at the same time. Box A has failure rate a and Box B has failure rate b. Successful
system operation requires that both Box A and Box B be functional. Find P; = Probability of System Failure.

Note: Full Up State = all devices operating, (n) = State Number, P(n) = Pn = Probability of being in State (n)

Markov Model FTA Approach
. P;
System Fail
Full Up (Box A or B Failed)
a+b
1) > (2
Xy

Py = e~ @+ D)L x=1-e & y_1_¢ bt
PR) = 1-e (@+ D)t Pf=x+y-xy=1-e ~(a+DX

Markov Method of Solution using Simultaneous Differential Equations and Laplace Transforms
Assumes P(1) =P1=1and P(2) =P2=0whent=0.
dPl/dt = —(a + b)P1 = L(dPL/dt) = L(-(a + b)P1) = sL(P1) —P1(0) = —(a +b) L(PL) =

+a+b)L(PL) =1 = L(PL) = (s +a+b) = PL=g ~(@a+D)t

P2 =1-P1L = P2 =1-¢ (@+D
State Sequence Method State Sequence Diagram

When solving state probability problems using simultaneous DE No Eails

methods, the logic flow of the original problem easily gets lost due to

the seemingly unrelated efforts required to calculate a set of DE

solutions. The State Sequence method used for solving Markov t=

problems illustrates the solution process clearly, and allows the T

At

1-RaRb
AorB

Failed

analyst more insight into the problem’s nature. In addition this
method offers some easy to construct computer algorithms that can
be used to generate solutions. i

Refer to the State Sequence Diagram to the right. Let a = failure rate t

of A, and b = failure rate of B. Therefore Ra = e and Rb = efbAt =

Reliability of A and B for one fixed time interval At = RaRb 1
P(F1) =1-RaRb
P(F2) =1-(1- RaRb) + RaRb - (1- RaRb) = (1+ RaRb)(1 — RaRb)

t=2At
P(F3) = (L + RaRb + Ra2Rb2)(1 - RaRb)

P(Fn) = (1 + RaRb + Ra2Rb? + ...+ Ra" “1Rb" “1)(1 - RaRb)

_paNppN t=3At
— pEny = ERERD) 1 RaRb) =1-Ra"RH" **
(1- RaRb)

—1-(e” aAt)n(e— bAt)n _ 1_(e—anAt)(e— bnAt) RaRb

—aty, ,— bt —(a+h)t
—1- (e (e Pty — 1 o~ (@+D) o
Notes :
1. The above methods assume constant failure rate devices i.e. devices that exhibit a constant probability of
success (or failure) in a fixed time interval At.
2. P(Fn) = Sum of all transition linked Paths connecting NO to Fn. Path = Product of all linked transitions.
3. The Sequence Method can end at **, and the expression 1-Ra"Rb" used for computer quantitative calculation.
However, the problem was continued to illustrate how probability equations can be derived using this method.
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2 Components in Parallel (Combinatorial):
Two black boxes start operation at the same time. Box A has failure rate a and Box B has failure rate b. Successful
system operation requires that Box A or Box B or both be functional. Find Ps .

Markov Model FTA Approach
A Failed P,
System Fail
Full Up / wx‘A and B Failed)
@\bA B Failed a
(@) <
P(l) _ e—(a"rb)t le_e—at y=1—e_bt
PR) = e Pl - (a+ D)t P =xy= (1-e )(1-e ")

p(3) —at_e—(a+b)t

P4) = -e" 3N -e Py

e

Markov Method of Solution using Laplace Transforms
From the Markov Diagram above, the 4 differential equations are easily read as follows:
dPl/dt = —(a+b)P1, dP2/dt = aP1-bP2, dP3/dt = bP1-aP3, dP4/dt = bP2 +aP3

dPL/dt = —(a+b)Pl = L(dPLdt) = L(-(a+b)PL) = sL(PL) -1 = —(a+b)L(PL) =
(s+a+b)L(PL) =1 = L(P1) = U(s +a+b) = P1=¢ ~(@+D)T
dP2/dt = aP1—bP2 = L(dP2/dt) = L(aP1-bP2) = sL(P2) = aL(P1) - bL(P2) =

+b)L(P2) =al(s +a+b) = L(P2) =al(s +b)(s +a+bh) = P2=e Pt _g—(@+b)t
dP3/dt = bP1—aP3 = L(dP3/dt) = L(bP1—aP3) = sL(P3) = bL(P1) —aL(P3) =

(s+a)L(P3) =bL(P1) = L(P3) =b/(s +a)(s +a+b) = P3—e 2l _g - (a+b)t
P4—1-PL-P2-P3=1-¢ al_g-bt —(@+D)t_ 4 _o-aty, o-bt
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2 Components in Parallel State Sequence Diagram

No Fails
t=0 . . .
I A Failed B Failed A&B Failed
At RaRb (1-Ra){d-Rb)
(1-Ra)Rb
l Ra(4<Rb)
t=At

(1-Ra)
RaRb

RaRb

t=3At °

RaRb

t=nAt °

Derivation of the “A failed State” Equation (2 in Parallel)

Recall Ra=¢ *'and Rb = e "' = Reliability of A and B for one fixed time interval At
Letz=(1-Ra)

P(A1)=Rb -z

P(A2) = RbP(A1) + RaRb2z = (Rb2 + RaRb?2)z = (Ra + 1)Rbz
P(A3) = RbP(A2) + RaZRb3z = (Ra + 1)Rb3z + Ra2Rb3z = (Ra? + Ra + 1)Rbz
P(A4) = RbP(A3) + Ra3Rb?z = (Ra? + Ra + 1)Rb?z + Ra3Rb?z = (Ra® + Ra? + Ra + 1)Rb?z

P(An) =RbP(An -1) +Ra" "1Rb"z= (Ra" "2 +Ra" "3+ ... +Ra+1)Rb"z+Ra" "IRb"z =

(1-RaM)

(Ra""14yRa" "2+ ... tRa+1)RL"z =
(1-Ra)

‘Rb"z=(1-Ra™MRb" = (1-e~ ANAL)(e bNALy

P(An) = (L—e a)(e~ Py

5-6
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Derivation of the “B failed State” Equation (2 in Parallel)
Letz=(1-Rb)

P(Bl)=Ra -z

P(B2) = RaP(B1) + Ra?Rbz = (Ra® + Ra®Rb)z = (Rb + 1)Ra’z

P(B3) = RaP(B2) + Ra3Rb2z = (Rb +1)Ra%z + RaSRb%z = (Rb? + Rb +1)Ra’z

P(B4) = RaP(B3) + Ra*Rb%z = (Rb2 + Rb + 1)Ra’*z + Ra*Rb3z = (Rb3 + Rb? + Rb +1)Ra*z

P(Bn)=RaP(Bn-1)+Rb" "1Ra"z = (RH" "2 +Rb" 3+ ... 1Rb+1)Ra"z+Rb" "1Ra"z =
_ (1-RbM)

RO" 14RO 24 ... tRb+1)Ra"z = W-Ra”z:(1—Rb”)Ra” — (1—e Phyematy

Derivation of the “A and B failed State” Equation (2 in Parallel)
Letz=(1-Ra)(1-Rb)

P(AB1)=z

P(AB2)=P(AB1)+ (RaRb + Ra + Rb)z =(RaRb+Ra+Rb+1)z = (Ra+1)(Rb+1)z
P(AB3) = P(AB2) + (Ra2Rb2 + Ra2Rb + RaRb? +Ra? +Rb?)z =

(Ra2Rb? + Ra2Rb + RaRb? + Ra? + Rb? + RaRb+Ra+Rb+1)z = (RaZ + Ra+1)(Rb? + Rb +1)z

P(ABn)=(Ra" 1 +Ra"" 21 ... tRa+1)RL" 14RO 21 ... LRb+1)z=

(1—Ran).(1—Rbn).Z _ (1-Ra") (@-Rb")
(1-Ra) (1-Rb) =~ (1-Ra) (1-Rb)

— (1_e —anAt)(l_e —bnAt) — (1_e —at)(l_e —bt)

-(1-Ra)(1-Rb) =(1-RaM)(1-Rb"M) =

Derivation of the “No fail State” Equation (2 in Parallel)
P(N1) =RaRb

P(N2) = Ra®Rb?

P(NN) = Ra"Rb" = (¢ ~ @Ay — bnAt) - e~ bt) _e—(@a+h)t
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Preliminary details for the State Sequence Method for solving Non-Combinatorial problems

1 x—mit 5 =X _ 1

2. Recall a commonly known rule that is utilized quite often:

x—Mmit 5 1 ¢ X = x

Proof

e X=1- x+ x2/2!— x3/3!+ x4/4! - o= 1-e X = x - x2121+ x3/31— x* 4 4 . =
1-e X = x(1= x/2! + x2/31 = x3/41 — . ) and x—"M s (1— x/21+ x2/31 = x3/41 — . )=1=

xﬂw 1-e X = x(1)=x
In other words, when x is very small, the term 1-e " can be replaced by x (or visa versa).

3. At— 0 = aAtand bAt — 0 since a and b are constants = as At — 0, 1-e ' 5 aAt and 1—e_bAt —> bAt.

4. b Mt .5 g2 ce D _1-¢(@th)
Proof
e = 1- a+al/21— a3/31+a%/a1 - . = 1-e @ = a—a2/214 ad/31—at/al 4 . =
e P 1o bp2/21- b33t btia - o = 1—e P = pop2i214 B33 —bHia o o
2 .2 3.3 .4 .4
() e @re P11 aep) s 222 AT @ wb
21 3l 41
2 3 4
e—@+b) _ 4 _ (a+b) + (@+b)®  (a+h) +(a+b) N
21 3l a1
2 2 3.2 2 .3
) e—(@+h) _ 4 _ (a+h) + a +2;b+b _a’+3 b;r'?,ab +b e

Now as a — 0 and b — 0 powers and products of a and b become insignificant compared to (a+b) and can be
treated as zeroes = (1) = (2)
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Component with Repair (Non-Combinatorial):

A black box has failure rate a and an average repair rate b. Immediately upon detection of a failure, the box goes
into a repair process and put back online. Calculate the probabilities of States (1) and (2).

Note: Full Up State = device operating, (n) = State Number, P(n) = Pn = Probability of being in State (n)

Markov Model FTA Approach
1) &)
a
P(1) = b _a —(a+b)t )= 22 o—(a+h)t
a+b a+b a+b a+b

Markov Method of Solution using Simultaneous Differential Equations and Laplace Transforms
Assumes P(1) =P1=1and P(2) =P2=0whent=0.

dP1/dt = —aP1+bP2 = L(dP1/dt) = L(-aP1+bP2) = sL(P1)-1 = —a L(P1)+bL(P2)

dP2/dt = aP1-bP2 = L(dP2/dt) = L(aP1-bP2) = sL(P2)-0 = a L(P1)—bL(P2)

~+ [(s+a)L(P1)—1]/b= L(P2) and L(P2) = a L(PL)/(s+b)=[(s+a)L(P1)-1]/b= a L(PL)/(s+b) =
(s+a)L(PL)—ab L(P1)/(s+b)=1=> L(P1) =1/[(s+a) —ab/(s +b)] = (s +b) / [(s+a)(s + b) —ab] =

L(Pl):(s+b)/s(s+a+b):1/(s+a+b)+b/s(s+a+b):>P1:L_1(1/(s+a+b))+L_l(b/s(s+a+b)):

ploe-(@+b)t, b b _—@ip)t_ b a —(a+bt
a+b a+b a+b a+b

P2 —1-plo1_ [P L & o—@+bt}__a __a  —(a+h)t
a+b a+b a+b a+b
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Component with Repair State Sequence Diagram

Refer to the State Sequence Diagram below. Let a = failure rate of the device, and b = repair rate. Let Ra = g
and Rb = e *' Then Ra = Reliability of A, and 1-Rb = probability of a repair for one fixed time interval At.

A Operating

A Failed

t=At
Rb
)
Rb
t=3At
Ra| 'Rb
| 1- Rb !
5 4
t=nAt
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Component with Repair State Sequence Method

For the sake of simplifying notation, let Ni = Prob(Ni) = Probability of being in State Ni, and similarly

let Fi = Prob(Fi) = Probability of being in State Fi.

Referring to the 1 Component with Repair State Sequence Diagram:
N1=Ra

N2 = Ra:N1 + (1-Rb)F1 = Ra-N1 + (1-Rb)(1-N1)

N3 = Ra-N2 + (1-Rb)(1-N2)

Nn = Ra:Np_1 + (1-Rb)(1-N n_1) =

Nn = (Ra + Rb—1)Np_1 + (1-Rb)

Let k=Ra+Rb-1land m=1-Rb = Nn=k-Np_1+m =
N2=k-N1+m = k-Ra+m

N3 = k’Ra + km + m = k’Ra + m(k + 1)

N4 = k°Ra + k’m + km + m = kK°Ra + m(k® + k + 1)

Nn=K"Ra+mK" 2+ K" 3+ . +k+1) =
n-1 1

Nn = kn_lRa+mk— m

- = Ra_
-1 (

— k" Ra+ M k"L = (Ra+ kLo
k-1 k-1 k

Calculating for m, 1k, Ra, and k" * as At — 0

m =1-Rb = 1-e P2l — pAt asAt >0

1-k = (1-Ra) +(1-Rb) = (1-e )4+ (1—e PAly = aAt+ bAt as At — 0
Ra = e @ = 1 asAt—>0

k= Ra+Rb—-1 = e 2Al g DAL 7 _ o—(8AL+DAY _ o—(@+b)At jopt 50 =

KD -1_ e—(@+b)(n DAt (o At 0 =
- Nn= (Ra— w1, M _¢ &)e—(aer)(n—l)AtJr&

= — =
1-k 1-k aAt + bAt aAt + bAt
Nn = [1-_P Je-@b)nat-ay . b @ @y, D
a+b a+b a+b a+b
Fn =1-Nn = 1—[Le‘(a+b)t + b J = 8 8 @dtgoar 0
a+b a+b a+b a+b

i)kn—lJr
1-k

m

1-k

Note: The above method assumed a constant failure rate device i.e. a device that exhibits a constant probability of

success (or failure) in a fixed time interval At.
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2 Components Standby Redundant (Non-combinatorial):
Box A has failure rate a and Box B has failure rate b. Box A is powered on while Box B remains off. Immediately
upon detection of Box A failure, Box B is powered on. Calculate the probability that both boxes fail.

Markov Model FTA Approach
Pf
) (2) 3
a b A&B
fail @
Xy
P(1)= e 2t x =1-e " y_1_¢ Bt
_ _ _ . —at o —bt
P(2)= a (e_bt—e_at) Pg =12xy =12 (1-e J(1-e )
a-b
PE=——(2H-— (e PY 1
a-b a-b

Markov Method of Solution using DEs and Laplace Transforms
dPl/dt = —aPl, dP2/dt = aP1-bP2, dP3/dt = bP2

dPl/dt = —aP1 = L(dPl/dt) = L(-aPl) = sL(P1) -P1(0) = —aL(Pl) =
(s+a)L(P1) =1 = L(P1) = 1/(s +a) = Pl=g ~ 2"

dP2/dt = aP1-bP2 = L(dP2/dt) = L(aP1-bP2) = sL(P2) = aL(P1) - bL(P2) =
sL(P2) =a/(s +a) —bL(P2) = (s+b)L(P2) =a/(s+a) = L(P2) =a/(s+a)(s+b)=

From Partial Fractions a/(s +a)(s +b) = ala-b) a@-b) _ p,__3 -bt__3 . -at
s+b S+a a-b a-b

P3 =1-PL-P2 =1-¢ 8 & =Dt abe‘at o P3 = 14D et @ bt

a-b a-— a-b a-b
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Standby State Sequence Diagram
No Fails

A Failed

t=At
-Rb
B Failed
t=2At e
1
T
1
t=nAt

Derivation of the Standby “A failed State” Equation

Recall Ra=e ' and Rb = ¢ "' = Reliability of A and B for one fixed time interval At
Letz=(1-Ra)
P(Al)=z
P(A2)=RbP(Al) + Raz=(Ra+Rb)z
3 ond
P(A3) = RbP(A2) + Ra2z = (Ra2 + RaRb+ Rb2)z = ~& —Rb”
Ra—-Rb
3 3, pa2 2 pp3 Ra% —Ro*
P(A4)=RbP(A3)+ Ra“z=(Ra” +Ra“Rb+RaRb“ +Rb*)z = ——
Ra—-Rb
n_ ppN _ B
P(An)=RbP(An—1)+RaN 1z = R&_ZRb " 1=Ra pon_ppny = 12R& ppn rany =
Ra—Rb Ra—Rb Rb-Ra
1A (e~ DNAL _g—anAty _ 1-e” A (e~ Dt _g—aty_ 1~ A (e~ Dt _gaty
1+Rb-Ra-1 (1-Ra)— (1—Rb) (1-e~ 3ty (1AL,
Choosing At very small we get P(An) = ﬁ(e_bt —e_at) = L(e_bt —e_at)

aAt — bAt a-b
which agrees with the DE solution.
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Derivation of the Standby “No fail State” Equation
N1=Ra
N2 = Ra’

n_ —-aAtyn _ _—anAt _ _—at
Nn=Ra =(e") =e¢ " =e¢e

Derivation of the Standby “A and B failed State” Equation
We can easily solve for P3 using the fact that P3 = 1-P1-P2.

P3=1- ¢~ _ L(e_bt—e_at) = P3=1+ Le_at— 2 bt

a-b a-b a-b
However, to futher illustrate the State Sequence Method:

Letz=(1-Ra)(1-Rb)

P(B2) =z = Ra-Rb},
Ra—-Rb

P(B3) =P(B2) + (Ra + Rb)z {

Ra—Rb+Ra2—Rb2 ,
Ra—Rb  Ra—Rb

2 0?2 5.3 o3
(B4)=P(B3)+ (Ra2 + RaRb +Rb2)z — | Ra=Rb  Ra”-Rb” Ra”-Rb” |,
Ra—-Rb Ra—-Rb Ra—-Rb

n-1 n-1
P(Bn) = P(Bn—1) +| X2 —RD z=[Ra+Ra2 + - +Ra" 1 _(RO+RLZ 4 ... +Rbn_1)} z
Ra—Rb Ra—Rb

|Ra-Ra" Rb-Rb" |(1-Ra)(1-Rb) n n 1
_[ 1-Ra  1-Rb ] Ra-Rb [(1_Rb)(Ra_Ra )-(-Ra)Rb~Rb )}Ra—Rb =
P(BN) = [(l_e—bAt )(e~ At _ e~ anAt )_(1_e—aAt )(e—bAt _o—bnAt )J. 1

Choosing At very small we get
1

—aAt _—at —bAt  _—ht }
P(Bn) = | bAt (e -e —aAt (e —e ——— =
(Bn) [ ( ) ( ) bAt —aAt

(o™ o2 )a(e P o) [p(a-ang -~ )-a(a-bag-e )] -

b-a
[(b—abAt—be_at )—((a—abAt)—ae~ Pt )}bl— - [(b—a—be_at +ae Dt )}bl— -
- -a
P(Bn) = 1 - ble_at + bie_bt which agrees with the DE solution.
-a -a
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Required Order Factor (ROF) (Non-Combinatorial):

Two black boxes start operation at the same time. Box A has failure rate a and Box B has failure rate b. Successful
system operation requires that Box A or Box B or both be functional. What is the probability that both Boxes A and
B fail, and that A fails before B. Also find the probability that both Boxes fail and that B fails before A.

Markov Model FTA Approach

@ 4) P;
@ @ H\
a
\bA (5)
a B,A
(3) fail Xy

Py = e (@a+h)t e y_q_¢-b
PR) = e Pt _g-(@a+ D)t Pf =12 xy =12 (1—e ~2)(1-e ~P1)
P@) = e~ 8l g (a+b)t
pay = —2 4, D -(@+bt_ —bt

a+b a+b
pE) = 0, @ ~@+Dt_,-at

a+b a+b

Markov Method of Solution using Laplace Transforms
From the Markov Diagram above, the 5 differential equations are easily read as follows:
dPl/dt = —(a+b)P1, dP2/dt = aP1-bP2, dP3/dt = bP1-aP3, dP4/dt = bP2, dP5/dt = aP3

dPl/dt

—(@+bPl = pr=e (@D
dP2/dt — aP1—bP2 = L(P2) —a/(s+b)(s+a+bh) = P2—e Pl_g-(@+h)t

dP3/dt = bP1—aP3 = L(P3) =b/(s +a)(s+a+b) = P3=e 2l _g~(a+D)t
dPa/dt = bP2 = L(dP4/dt) = L(bP2) = sL(P4) = bL(P2) =abl(s +b)(s +a+b) =

L(P4) = abls(s + b)(s +a+b) = P(d) = — &P _g—(@+b)t_ bt
a+b a+b

dP5/dt = aP3 = L(dP5/dt) = L(aP3) = sL(P5) =aL(P3) =ab/(s +a)(s+a+hb) =

L(PS) = abls(s +a)(s +a+b) = P(5) = —2—+_2 - (@+b)t_-at
a+b a+b
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ROF State Sequence Diagram (Version 1)

At

t=At

t=2At

t=3At

t=nAt

No Fails

RaRb

RaRb

RaRb

RaRb

(1-Ra)Rb

(1-Ra)Rb

(1-Ra)Rb

A Failed

B Failed

AB Failed

BA Failed

R\é\(l\ﬁgp)

AN

I
|
|
|
|

!

S
|
|
|
I
|
|
|
|
I

O

!
o
‘
|
I
‘
‘
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ROF (Constant Failure Rate Version 1)
Ra=e™" Rb=e®" N;=NgRaRb, N, =NgRa’Rb?, Nj=NoRa"Rb"

A= No (1-Ra)Rb

A= A1Rb + Nj (1-Ra)Rb = Ng (1-Ra)Rb’ + N (1-Ra)Rb

Az = (NoRb + N1)(1-Ra)Rb = (NoRb + NoRaRb)(1-Ra)Rb = NoRb>(1 + Ra)(1-Ra)
As= Ay Rb+ Np(1-Ra)Rb = NgRb3(L + Ra)(1-Ra) + NoRa’Rb>(1-Ra)

As = NoRb3(L- Ra)[ 1+ Ra + Ra] = NoRb3(L- RaY)

As= AgRb + N3(1-Ra)Rb
As = NoRb*(1- Ra)[ 1+ Ra + Ra’] + NoRa°Rb*(1-Ra)
As = NoRb*(1- Ra)[ 1+ Ra + Ra’ + Ra’] = NgRb*(1- Ra”)

An=NgRb" (1 - Ra")
AB2 = A1(1-Rb) = Ng (1-Ra)(1-Rb)Rb

AB3 = AB2 + A2(1-Rb)
AB3 = NgRb(1-Ra)(1-Rb) + NoRb>(1- Ra®) (1-Rb)
AB3 = NoRb(1-Ra)(1-Rb)[1 + Rb(1+ Ra)] = NgRb(1-Rb)[ (1-Ra) + Rb(1- Ra%)]

AB4 = AB3 + A3(1-Rb)
AB4 = NoRb(1-Rb)[ (1-Ra) + Rb(1- Ra%)] + NoRb3(1- Ra®) (1-Rb)
AB4 = NgRb(1-Rb)[ (1-Ra) + Rb(1- Ra?) + Rb%(1- Ra’)]

AB5 = AB4 + A4(1-Rb)
AB5 = NoRb(1-Rb)[ (1-Ra) + Rb(1- Ra?) + Rb’(1- Ra’)] + NoRb*(1- Ra*)(1-Rb)
AB5 = NgRb(1-Rb)[ (1-Ra) + Rb(1- Ra?) + Rb%(1- Ra’) + Rb3(1- Ra™)]

. =>

n-1 n-1
ABy, = NoRb(1- Rb)» "Rb'*(1-Ra') = Noe Pt (1- e'b“)z g PU-DAL (g _ g-aiAty _ 5
i=1 i=1
n-1 . . n-1 ) .
ABn ~ NObAtZe-b(l-l)At (1_ e-aIAt) — Nobze-b(l-l)At (1_ e-ﬁIAt)At

i=1 i=1
To convert discrete AB, to contiuous, let At — 0, let dx = At, and let iAt =idx = x, then

n-1 ) ) t
AB, = Ngby e PDAt @ _gaiM) At = Ngb j e DX (1_e™)dx =
i=1 0

a b . )
n 0[a+b a+b ]

In terms of pdfs:
t

t t X
AB, ~ Nobje'bX 1—e™)dx =N, jloe'bX 1—e™)dx = N, Ipdfb(x) pdfa(z)dz dx =
0 0 0 0

X
pdf(ABy) = Ng pdfb(x)J. pdfa(z)dz
0
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ROF State Sequence Diagram Version 2
No Fails

A Failed B Failed AB Failed BA Failed

RaRb

t=3At

o)
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ROF State Sequence Equations Version 2 (A fails before B state)
Letz=(1-Ra)(1- Rb)

P(AB1)=2/2
P(AB2) = P(AB1) + (RaRb/2 + Rb)z

P(AB3)=P(AB2) + (Ra2Rb? / 2+ RaRb? + Rb?)z
P(AB4) = P(AB3) + (Ra3Rb3 /2 + Ra2Rb3 + RaRb + Rb3)z

P(ABn):P(ABn—l)+[Ran_1Rbn_1/2+Rbn 1(Ra""2+Ra" 3+ .. +Ra +1)]z -

_pah-1
P(ABn):P(ABn—l)+[Ran_1Rbn_1/2+Rbn'1(—1 1RaR ]]z
~Ra

Expanding each of the above equations yields:

1
P(ABl)=—z
(AB1) 5
202 ~
p(AB2)—| L-RA“RDS  Rb(L-RA) |,
2(1-RaRb)  1-Ra
[ 313 B 21 a2
p(AB3)-| LRERD® Rb-Ra) RbZ(-Ra) |
2(1-RaRb) 1-Ra 1-Ra
[1_Ra%Rb% _ 2. 0.2y or3m ne3
P(AB4) = 1-Ra"Rb +Rb(1 Ra)+Rb (1-Ra )+Rb (1-Ra”) ,
2(1-RaRb) 1-Ra 1-Ra 1-Ra
I NRp" - 2(1_Ra%)+ ... Nn-14 p.n—-1
p(ABn)=| 1R Rb" Rb(1-Ra)+Rb (-Ra%)+ - +Rb"(1-Ra" ") | _
2(1-RaRb) 1-Ra

1-Ra"Rb" RN LR 24 . Rb+1) - (Ra"IRE" 14 Ra" 2RO "2 4 ... 1 RaRb+1) L
2(1- RaRb) 1-Ra B
1-Ra"Rp" 1-Rp" 1-Ra"Rb")

+ - }(1— Ra)(1—Rb) =
2(1-RaRb)  (1-Ra)(1-Rb) (1—Ra)(1- RaRb)

(1-Ra)1-Rb) 1-Ra"Rb" _(1_Rb)1—Ra”Rb” _[@-Ra)A-RD) ;o 1-Ra"Rb" o0 _
2 (1- RaRb) 1-RaRb 2 (1- RaRb)
1 _ n n
{(1—2%) 1- Rb)}%ﬂ— Rb"  Choosing At very small we get
-Ral
P(ABn) = __Z.bAt.ﬂ 1_g bnAt _ _b.ﬂﬂ_e—bt __a b —(ab)t _ bt
(a+b)At a+b a+b a+b

Note that by symmetry, P(BAn) is obtained simply by substituting a for b and b for a to get

P(BAn) = b8 gfarb)t_gat
a+b a+b
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ROF State Sequence Equations Version 2a (A fails before B state)
Assume NO=1 then

Al=(1-Ra)Rb
A2=A1Rb+ N1(1-Ra)Rb = (1 Ra)RbZ + Ra(l-Ra)Rb? = (1+Ra)(1- Ra)RbZ = (1-Ra2)Rb?
A3=A2Rb + N2(1- Ra)Rb = (1+Ra)(1— Ra)Rb3 + Ra? (1- Ra)Rb® = (1+ Ra + Ra?)(1- Ra)Rb3 = (1-Ra®)Rb3

A, = (1-Ra")Rp"

Let z=(1- Ra)(1- Rb)

ABl1=12/2

AB2 = AB1+ Al(1-Rb) + N1z/2
AB3 =AB2+ A2(1-Rb) + N2z/2

AB3 = (1+ RaRb+ Ra?Rb2)z/2 + Rbz + (1+Ra)Rb%z = (1+ RaRb+ Ra?Rb2)z/2 + [Rb + (1+ Ra)Rb?]z
AB4 = AB3+ A3(1-Rb) + N3z/2 =

z/2 + (1-Ra)(1- Rb)Rb + RaRbz/2 = (1+ RaRb)z/2 + Rbz
(1+ RaRb)z/2 + Rbz + (1- Ra)(1+ Ra)Rb2 (1—Rb) + Ra2Rb%2/2 =

AB4=(1+RaRb+ Ra?Rb?)z/2 + Rbz +RbZ(1+ Ra)z + (1— Ra)(1+ Ra + Ra)Rb3 (1—Rb) + Ra3Rb32/2 =
AB4=(1+RaRb+ Ra?Rb? + RaSRb3)z/2 + Rbz + Rb2(1+ Ra)z + (1+ Ra+Ra2)Rb3z =
AB4=(1+RaRb+ Ra?Rb? + RaSRb3)z/2 + [Rb + (1+Ra)Rb2 + (1+Ra +Ra2)Rb3Jz =

_ palppn . _ paNppn n-1 . :
ABn = (M} + 7 z {11 Ra ]Rb' - (MJZIZ + (1-Rb) ¥ (1—Ra'ij' -

1-RaRb Ra 1-RaRb i=1
_ pPaNppN n-1 . .
ABn —1[1ZR&RD | Ra)1-Rb) + (1-Rb) ¥ Rbl (l—Ra'j -
2| 1-RaRb 21

1(1_ e N@+b)At ~ ~ ~ n-1 . e
ABN ZE{NT)M (1—e M) 1—e D8ty 4 (1-ePA) ¥ o b'At(l—e alAtj
- i=1

Let At =dx approach O and let x =iAt =idx then

n-1
L [D@EDA A2 4 b D e_bx(l—e_axjdx =
(a+ b)AL -

Limit ABn

n-1 n-1

Limit ABn = nab At? + b > e bX (1—e_axjdx =b ) e bX (1—e_ax)dx =

2 i i=1

t
Limit ABn = bje‘bx(l—e‘ax }ix = L+Le‘(a+t’)t —e70t
a+b a+b

Note : The probability of a transition from an N State (No fail State) to an AB or BA State (both fail State) is
P(N — Both Fail) = k(1—Ra)(1— Rb) =k(1—e~#t)(1—e P! for some constant k.

Now the limit of P(N — Both Fail) as At —» 0=k -aAt-bAt= kabAt? = 0. In other words, when At is very small,
all the transitions from N — ABand N — BA can be disregarded.
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ROF State Sequence Diagram Version 3
No Fails

A Failed

RaRb

RaRb

B Failed

AB Failed

-Rb)/(a+b)

BA Failed
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ROF State Sequence Equations Version 3 (A fails before B state)
Assume NO=1 then

Al=(1-Ra)Rb
A2=A1Rb + N1(1-Ra)Rb = (1- Ra)Rb? + Ra(l-Ra)Rb? =(1+Ra)(1-Ra)Rb? = (1-Ra?)Rb?
A3=A2Rb + N2(1- Ra)Rb = (1+ Ra)(1— Ra)RbS + Ra?(1- Ra)Rb3 = (1+ Ra+ Ra?)(1- Ra)Rb3 = (1—Ra)Rb3

A, = (1-Ra")Rb"

Let z=(1-Ra)(1- Rb) and k=a(1- Ra)(1- Rb)/(a+b)
ABl=k
AB2 =AB1+ AL1(1-Rb) + N1k = (1+ N1)k + A1(1-Rb) = (1+ RaRb)k + Rbz

AB3 = AB2+ A2(1-Rb) + N2k = (1+ RaRb)k + Rbz + (1— Ra)(L+ Ra)Rb2 (1- Rb) + Ra2Rb%k =

AB3 = (1+ RaRb+ Ra2Rb2)k + Rbz +(L+Ra)Rb%z = (1+ RaRb+ Ra?Rb2)k + [Rb + (1+Ra)Rb?]z
AB4 = AB3+ A3(1-Rb) + N3k =

AB4=(1+RaRb+ Ra?Rb2)k + Rbz +Rb?(1+ Ra)z + (1- Ra)(L+ Ra + Ra2)Rb3(1- Rb) + RaSRb3k =
AB4 = (1+ RaRb + Ra’Rb? + RaSRb3)k + Rbz + Rb2(1+Ra)z+ (1+ Ra + Ra%)Rb3z =
AB4=(1+RaRb+ Ra2Rb? + RaRb3)k + [Rb + (1+Ra)Rb? + (1+Ra+Ra2)Rb3]z =

paNppn Nn=1(+_pal .  paNppn n-1 . .
ABn = [1ZRARDT T 1R gyl o [1IZR&RD L (1Ry) Y (1—Ra')Rb' =
1-RaRb 21| 1-Ra 1-RaRb -
_paNppN n-1 . .
ABn :[ a j 1-Ra Rb (1-Ra)(1-Rb) + (1-Rb) ¥ Rb'(l—Ra'j =
a+b 1-RaRb i—1
a 1-e n@rb)At —aAt —bAt oat\ "G biat —aiAt
ABnN _(a+bj [1_e_(a+b)m (1-e*)(1-e )+ (1-e )igle (1—e )

Let At =dx approach O and let x =iAt =idx then

n-1
Limit ABn =( a j(n(aer)AtJabAtz + b3 e_bx(l—e_ax)dx =
i=1

a+b (a+b)At
2 n-1 n-1
LimitAgn = 250 4%+ b 5 ¢ (1-e" Jax = b T e 1-e"H Jox =
a+b . S~
i=1 i=1
t
Limit ABn = bJ‘e‘bX(l—e‘aX}jx S +—b g (@bt _ g-bt
a+b a+b

0
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P(AB1)=17
2
oa2on2 ~
p(AB2)~| L-Ra“Rb™  Rb(A-R3) |,
2(1-RaRb)  1-Ra
i 3513 ~ 2, o2
p(AB3)—| L-Ra"Rb” Rb(-Ra) Rb“(-Ra%)|
2(1-RaRb) 1-Ra 1—Ra
[ padpnd ~ 2, o2 3. 3
p(AB4)—| 1Ra"Rb" Rb(1-R&) RbZ(1-Ra®) Rb>@-Ra’)|
2(1-RaRb) 1-Ra 1-Ra 1-Ra
P(ABnN) = 1-Ra"Rb"  Rb(1-Ra)+Rb%(1-Ra%)+ - +Rb" "1a-Ra" 1 .
| 2(1-RaRb) 1 Ra -

1-Ra"RH" +(Rbn_1+Rbn_2 + .- +Rb+1)—(Ra"1Ro" 11 Ra" 2RO "2 ... {RaRb+1) L
2(1-RaRb) 1-Ra

1-Ra"Rb" 1-Rp" 1-Ra"Rb™)

+ - ](1— Ra)(1-Rb) =
2(1-RaRb)  (1-Ra)(1-Rb) (1-Ra)(1-RaRb)

3 3 B n n _ n n _ _ _ n n
(1-Ra)(1-Rb) 1-Ra"Rb +1—Rbn—(1—Rb)1 Ra"Rb" [ (1-Ra)(1 Rb)_(l_Rb) 1-Ra'Rb" ., ppn _
2 (1- RaRb) 1-RaRb 2 (1- RaRb)
1 _ n n
ﬂ(l—Rb) MH—Rb” Choosing At very small we get
2 (1- RaRb)
_ _ o—(a+b)nat _—(a+b)t
P(ABN) = —Z.bat- 28 g ebnat_ p 17Ty bt @ D (arb)t bt
2 (a+b)At a+b a+b a+b

Note that by symmetry, P(BAn) is obtained simply by substituting a for b and b for a to get

P(BAn) = b8 farb)t_gat
a+b a+b
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DE / State Sequence Equation Comparisons

(Constant Failure Rate type Problems)

~ Example

State Probability Equations

- Series

No Fail

o —(@+b)t

Fail

1_e-(a+b)t

Parallel

Computer Expression (Algorithm)

Ra"Rb"
- 1-Ra"Rp"

P(An)=Rb" —Ra"Rb"

P(Bn)=Ra" -Ra"RH"

P(ABn) = (1-Ra™M)(1-Rb™M)

=R RPN iRy

o

P(An)=Rb-P(A, _;)+Ra" "1(1-Ra)

Ra" 1 _pgpn-1
Ra-Rb

P(Bn)=P(Bn_1)+[ J(l—Ra)(l—Rb)

P(Nn) = Ra"Rb"

P(An)=Rb" —Ra"RH"

No Fail P1= e—(a+b)t
AFaill o, —bt_ —(a+b)t
BFail g g-at_ ~(@+h)t
A&B _ —at ~bt
P4=(1- 1-
Fail (t-e " )(-e 1)
Repair
No Fail _
P(1)=L+Le (a+h)t
A Fail _
pR)= &3  —(@a+h)t
a+b a+b
Standby
NoFail ~ pq- -at
N
P2=—Ji—@_bt—e_a5
a-b
A&B b  —at ~bt
Fail P3=—— (") -— - ")+
ROF
No Fail P1= e—(a+b)t
AFal pp=embt_o@rbt
BFail  ,o_ -at_ —(a+b)t
ABFall .  a b __(abr_ bt
a+b a+b
BA Fail

ps__P @ —(atb)it _ -at

a+b

a+b

P(Bn)=Ra" -Ra"Rb"

~1Y)]
_ _ -1/ 1-Rra"
P(AB.) = P(A +Ra" oL 2R IR,
( Bn) ( Bn—l) 1-Ra

n-1
P(BA,)=P(BA, 1)+ Ra" "IRb"~1/2+Ra" 1 % z

where Ra =e 3t Rp =e DAl and z = (1- Ra)(1 - Rb)

Note that with respect to the combinatorial type problems, the equations and associated computer expressions are
quickly interchangeable. Note also that this is not the case with the non-combinatorial types.
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Visual Basic Code (Constant Failure Rates)
Standby
Public Sub StateSeq()
'Standby State Sequence Model F(2,i) = P(2, idt) A2,B2 current values, A1,B1, previous values
‘Code for P(An) = Rb-P(An_1)+Ra" *(1-Ra)
EVALUATE ("dt=1"): A2 = 0: FX(2, 0) =1 - EXp(A2)
Al = A2: A2 = EVALUATE("-0.01*dt"): B2 = EVALUATE("-0.015*dt")
FX(2, 1) = Exp(B2) * FX(2, 0) + Exp(A1) * (1 - Exp(A2 - Al))
dt=1
Nextdt: dt = dt + 1: If dt > 120 Then Exit Sub
EVALUATE ("dt=" & dt): A1 = A2: bl = B2: A2 = EVALUATE("-0.01*dt"): B2 = EVALUATE("-0.015*dt")
FX(2, dt) = Exp(-0.015) * FX(2, dt - 1) + Exp(Al) * (1 - Exp(-0.01))
GoTo Nextdt
End Sub

Repair

Public Sub StateSeq()

'Repair State Sequence Model, F(2,i) = P(1, idt), A2,B2 current values, Al1,B1, previous values
'Code for P(Nn) = (Ra + Rb-1)P(Nn-1)+ (1-Rb)

EVALUATE ("dt=1"): FX(2,0) =1

Al =A2: bl =B2: A2 = EVALUATE("exp(-0.01*dt)"): B2 = EVALUATE("exp(-0.015*dt)")
FX(2,1)=(A2+B2-1)*FX(2,0)+1-B2

dt=1

Nextdt: dt = dt + 1: If dt > 120 Then Exit Sub

EVALUATE ("dt=" & dt): Al = A2: bl = B2: A2 = EVALUATE("exp(-0.01)"): EVALUATE ("exp(-0.015)")
FX(2,dt)=(A2+B2-1)*FX(2,dt-1)+1-B2

GoTo Nextdt

End Sub

ROF

Public Sub StateSeq()

'ROF State Sequence Model, F(2,i) = P(4, idt), A2,B2 current values, Al1,B1, previous values

'Code for P(ABNn) = P(ABn-1)+{Ran-1Rbn-1/2+ Rbn-1[(1- Ran-1)/( 1-Ra)]}(1-Ra)(1-Rb)

EVALUATE ("dt=1"): A2=0: B2=0: FX(2,0)=0

Al =A2: bl =B2: A2 = EVALUATE("-0.01*dt"): B2 = EVALUATE("-0.015*dt")

FX(2,1) = FX(2, 0) + (Exp(A2) * Exp(B2) / 2 + Exp(B2) * (1 - Exp(A2)) / (1 - Exp(-0.01))) * (1 - Exp(-0.01)) * (1
- Exp(-0.015))

dt=1

Nextdt: dt = dt + 1: If dt > 120 Then Exit Sub

EVALUATE ("dt=" & dt): A1 = A2: bl = B2: A2 = EVALUATE("-0.01*dt"): B2 = EVALUATE("-0.015*dt")
FX(2, dt) = FX(2, dt - 1) + (Exp(A2) * Exp(B2) / 2 + Exp(B2) * (1 - Exp(A2)) / (1 - Exp(-0.01))) * (1 - Exp(-0.01))
* (1 - Exp(-0.015))

GoTo Nextdt

End Sub



Chapter 5 State Sequencing

Concluding Notes

1. Although Markov techniques can be utilized for both combinatorial and non-combinatorial type problems, the
analyst should stick with FTA when dealing with combinatorial types, and Markov when dealing with non-
combinatorial type problems.

2. Although the qualitative methods shown above can also be used for analysis of non-constant failure rate
components (mechanical devices), the quantitative methods shown are limited to constant failure rate
components.

3. ltis suggested that the analyst utilize “Markov” computer programs when performing a quantitative analysis. The
methods described above can become very exhaustive when the number of states gets large. These methods were
illustrated simply to have the reader obtain a better understanding and insight into Markov techniques.

4. Several computer programs are available for solving non-combinatorial problems. Most programs utilize matrix
algebra techniques, and output numeric values as opposed to equations for probability evaluation of each state.
Be aware that these programs will have limitations such as number of input states and program execution speed.
However this limitation keeps getting smaller with each advance in computer technology.
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