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Chapter 2 Reliability

Definition of Reliability:
Given an electrical, mechanical, or electro-mechanical device is in operation.
To be completed

t
JFI (t—x) 7 (x)dx
0

t
IFZ (t—x) f1 (x)dx
0

Reliability Formulas

i  Term Basic Formula § Notes
: f(x), PDF : f(x) depends on distribution. See following pages. : f(x) = PDF = probability density function
: 5 d :

Cf(x) = —F(x)

; dx
P, F(t) Py =F(t) = j f(x)dx P¢= F(t) = Probability of Failure
: E g
: t ‘
P, R(t) P, =1—F(t) =1- J‘ fx)dx = e_J; A(x)dx R(t) = Reliability = P; = Probability of Success

: 0
d 5
EAY) a (1 —R(1) ) d i A(t) = Failure Rate = Hazard Rate
5 At = = ——[In(R()]

R(t) dt

: : “ 2 :
| MTTF | MTTF = J’ R(t) dt = J' £-£(t) dt : MTTF = Mean Time to Fail

: 0 0
: __ 1 :
: MFR " MTTF i MFR = Mean Failure Rate
Pf : ( n ot
H . H — A (X)dX n : . .
¢ Series : 1 ~ { i ) 1 ) ¢ 1. n components in series / parallel
: System Pr(sys)=1-e =1 H R;(®) : 2. Ai(t) = hazard rate of ith component
_ i=1 : 3. component failures must be independent i
113 ;rallel n (_j 2 (x)dxj n 4. Rj(t) = Rel of ith component '
System Pr(sys) = H I—e" ° = 1_[131 (t) 5. Fj(t) = Py of ith component
: : i=1 i=1 g
Standby P (sys) = J f1(2) 5 (x —z)dz dx 1. One component in “cpld” standby of another
: System : : component 1n operation.
2 00 i 2. f;=PDF, F;= probability of component
: devices) : failure.
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Chapter 2 Reliability

Exponential Distribution

i Term Basic Formula : Notes

: (), PDF & fry=ae —at i f(t) = PDF = probability density function

(P, F()  ip=1_e™ i Pr=TF(t) = Probability of Failure :
PPy, R(Y) R(t)=P,=¢ —at i R(t) = Reliability = P; = Probability of Success =
: : P 1-P; :
5 IR (O

: h(t) 0= R(t) -a i h(t) = Failure Rate = Hazard Rate

—

' MTTF | MTTF= J‘ et _ 1 : MTTF = Mean Time to Fail

: : a :

M M 0 M

: MFR fa { MFR = Mean Failure Rate

- Pr : n i

: Series : - _Z aj |t : 1. n components in series / parallel

: System © Pe(sys)=1-e i=1 : 2. a; = constant hazard rate of ith component

S P : n ¢ 3. component failures must be independent

: Parallel Py (sys) = H (1 —edit ) :

i System i=1 :

Py B b _at a  _pt i a = failure rate of device 1

: Standby Pr(sys) =1+ a-b.  a-p° : b = failure rate of device 2

: System : :

- (2

: devices)
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Chapter 2 Reliability

Normal Distribution

2 2

. : 2
© (n devices) ;SZ\/Sl T8 8y

L k=kj+ky +--+kp

Term Basic Formula ; Notes
: 2 : 1. f(x) = PDF = probability density function
: 1{x-u :
: f(x), PDF | _E( S j : 2. u=mean, s = sigma (constants)
: Cf(x)= e :
5 sv2m
: : t :
L Pr, F(0) L P —F()= j' fx)dx i Py=TF(t) = Probability of Failure
: E 7 :
: t i R = Reliability = P; = Probability of Success = 1
{PLR(O P =R()=1-F(t)=1- J.f(x)dx P
: —o0 :
I h(t) : h(t) = f(t)yR(1) ! h(t) = Failure Rate = Hazard Rate
: MTTF ‘u : MTTF = Mean Time to Fail
5 |
: MFR - : MFR = Mean Failure Rate
Pf n t
: Series : - El [hj(x)dx :
i System : Py (sys)=1-e V710 i 1. n components in series / parallel
: t : 2. hi(t) = hazard rate of ith component
D P : n [—Jhi (X)dxj : (component failures must be independent)
Parallel P (sys) = H 1—et\ 0
: System : i=1
. Pe : i 1. 1 active component, n —1 on standby
¢ Standby  { u=uj+up+---H+uy i 2. u; = mean of ith component
: System : : 3. s;=sigma
D4

i 4. k; = hours (miles) logged
¢ 5. component failures must be independent

Normal Py Approxim-ations

n
: 1 device

u; = mean of ith component
s; = sigma

i Py
i n devices
: in Series

Pr(sys) =1—-e

~ [t+k+b-s—u)c
a-s
Pr=1-c¢

k; = hours (miles) logged
a=3.48078264

c=3.45721089

P
: n devices
in Parallel

Py =] [r1-e (

t+ki+bs; —uj JC
]

i=1

Defined for t > max(u; — bs; — k;)
: P;=0 for t<max(u; —bs; —k;)
¢ (component failures must be independent)

1.
2.
3,
L4,
L 5. b=3.130874117
L 6.
7.
8.

Py
: Standby
© System

_{[t+k+b-s—u)c]
a-s
cPr=1-e¢

: (n devices)

i l.u=up+ug+--+uy

F 2, s:\/512+522+"‘+5n2
3. k=ky+ko +--+ky
: 4. a, b, and ¢ same as above
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Chapter 2 Reliability

LogNormal Dlstrlbutlon

i=1

Term Basic Formula ; Notes
: 1( In(x)—-u 2 : 1. f(x) = PDF = probability density function
: f(x), PDF | —5[ S j : 2. u=mean, s = sigma (constants)
: ©f(x)= e :

: sx+/2m
5 : t :
P F() opp = (= J‘ flx)dx : Pr=F(t) = Probability of Failure
: e :

: t i R = Reliability = P; = Probability of Success
PLRO O =R@)=1-F()=1- If(x)dx L =1-P
: —0 :
: h(t) ¢ h(t) = f(t)/R(t) ! h(t) = Failure Rate = Hazard Rate
© luss?2 :
CMTTF _ : °© : MTTF = Mean Time to Fail
f(u +s2/ 2) )
: MFR : © : MFR = Mean Failure Rate
: Py n ot f
¢ Series : - El [hj (X)dX : 1. n components in series / parallel
- System  : Pp(sys)=l-e M°© 0 : 2. hy(t) = hazard rate of ith component
D P : : 3. component failures must be independent
Parallel I h; (x)dx] :
¢ System ! Pr(sys) =
- i=1
P¢ t x :
Startldby Pr (sys) = I I f1(2) f (x —z)dz dx 1. One comp?pent in “tgold” standby of another
1 Oystem : 5 component in operation.
12 00 : 2. f; =PDF, F;= probability of component
3 devices) p p © failure.
- IFI (t—x) 2 (X)dx = J‘Fz(t—x) £ (x)dx
0 0 ;
: LogNormal Py Approximations
i Pr c
i 1device —{[Wj 1 i 1. u;=mean of ith component
: P Pp=l-¢ i 2. s=sigma
: b : f ‘3. k;=hours (miles) logged
nfd . D (In(t+ ki) + b-sj —u;j ¢ i 4. component failures must be independent
Ve = as, 5. a=3.48078264
PMSCHES L pe(sys) =1—e L7 . 6. b=3.130874117
: P : i 7. ¢=3.45721089
: H C : i—Db-si
nfdevices N [ In(t + k;j)+ b-s; —uj J i 8. Defined fort> max(e(Lll bsi)_ ki)
H H Q. H 1 —b-si
in Parallel : Py (sys)=[ [ [1-e asi ] L 9. P=0for t<max(e" "~k

Py
- Standby
System
- (n

: devices)

_{(ln(t+k)+b-s—u]c]
a-s
Pr=1-c¢

Check this. Do not believe true.

 Lou=In(e" +e"2 +..4e'n)

2. s:\/slz +522 —|-~~~-i-sn2
S 3. k=ky+ky +--+ky
: 4. a, b, and ¢ same as above
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Chapter 2 Reliability

Weibull Distribution
Term Basic Formula ; Notes
—b)© : 1. f(t) = PDF = probability density function
: f(t), PDF -1 =~ [7j :2. a, b, c are parameter constants
: : c(t—b) a :
()= —F—— e
: a’

t-b)\° . .
! Pe, F(t) : | | — i P¢= F(t) = Probability of Failure
H H a H
: P Pr =Fi=1-¢
t-b)° . .
i P, R(b) ! - |— i R(t) = Reliability = P; = Probability of Success =
H H a H H
= : Py=R(t)= e 1P '
: o(t—b)*~! : ,
* h(t) h(t) = . © h(t) = Failure Rate = Hazard Rate
: a :
: : b : 1. ¢ = 1=> Exponential Distribution
MTTF  © MTTF = aea © b
: (c=1 : : N
(=) 2. e? =R(H)att=0
T i ;
- (255¢ L MTTF = b+hl+a[-In(0.5)]¢ Check this??? ~ : 2-55 ¢ =5 => Normal Distribution
i ¢c<)) : :
MFR MFR = 1 MFR = Mean Failure Rate
: : MTTF
i Py n t—bi ci i 1. n component failures must all be
i Series : - _Z - i independent
i System Pr(sys)=1—¢ =1\ A i 2. ai, bi, and ci are parameters for ith
: P : i component
. - ci
: : t bl : .\C1
! Parallel 5 t—bi)" :
System Pf(SyS)=H 3. define ( " j = 0 for t <bi
: i=1
Ps : t X :
- Standby P (sys) = J' Jfl (2) £5 (x — z)dz dx ' 1. One component in “cold” standby of another
: System : i component in operation.
12 00 : 2. f; =PDF, F;= probability of component
: devices) ¢ © failure.
: = JFl(t—x) fy (x)dx

0

t

= ‘[Fz(t—x) f1(x)dx
0
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Chapter 2 Reliability

Failure Rate of n items in parallel with equal A
P, of oneiitemis1—e™* = P, of nitemsis (1—e*)" = P, of parallel branchis1—(1—e™*)"

Letp=e™
Recall (1-p)" =(“j(—p)° +[“j(—p>1 +(“j<—p)2 +---+[“j<—p)“ =

0 1 2 n

P =1-(1-p)" = —(T)(—p)l —(Z)(—pf —---—(“)(—p)" =
P =1-(l—¢*)" = —(nj(—e_lt)l _(nj(_e—zt)z _”‘_(nj(_e—ﬂ,t)n N
P =l1-(1—e ™) = _("j (—1)le ™ _(nj(_l)z o2 _._._["j (= )" e

Recall also MTTF :J.PS dt = I{— (nj (-D'e™ - (“) (—1) e —...o (“] (- l)ne—n/h} dt =
0 0 1 2 n

0

MTTF:_(HJ(—I)ITGM dt _(nj(_l)z Ieﬂt dt —--— (nj (_l)nT e ™ dt =

2 0

MTTF = _(j D (“)(‘l)n _ 1 n_(“j D* (“j(—l)“
A 2) 24 n) NnA A 2 2 n n

Casen=2 = MTTF :E —L = i:> Failure Rate = E/l
A 24 24 3
Casen=3 = MTTF =3 —i + L = £:> Failure Rate = 2/1
A 24 31 64 11
Casen=4 = MTTF =i —i + i — L = ﬁ: Failure Rate = 2/1
A 24 31 44 124
Casen=5 = MTTF :i —1—0 + E - i +L = 13—7:> Failure Rate = ﬂﬂ
A 22 31 44 54 604 137

2-7



Chapter 2 Reliability

Convolution

Given two devices with one in “standby” of the other, the system probability density function (PDFy) can be derived
from the PDFs of the devices. If f| and f, are the PDFs of device 1 and 2 respectively then

t
PDF ¢ = f(t) = Ifl (x) f,(t —x)dx  Note : This integral is known as the Convolution of f; and f,.
0
Example:
Solution of Standby Problem Using Convolution
Electrical device A has failure rate a, and electrical device B has failure rate b. Device A is powered on while device

B remains off. Immediately upon detection of device A failure, device B is powered on. Calculate the probability that
both devices fail i.e. system failure.

Electrical devices = device PDFs are f;(x) = a¢™ and f,(x) = be ™. Then from above definition:
t

t t
PDFy, = f(t) = jfl ) (t - x)dx = I ae e P9 gy — ab I ¢ b0 gy
0 0

0
t t b b
abJ'e—axebxe—bth _ abe —btJ‘e(b—a)x R (e(b—a)t _l)za_(e—at bt ):>
0 5 b-a b-a

ab (- —bt
df gys = flt =—( o )
pdl gys () b—ae €

t

t t t b b
Now P¢ (SyS)ZJ.pdfsySdZ = If(z)dz = J.ba_(e_az _ e—bz ﬁz _ ba J.(e—az _ e—bz }‘Z =
—a —a
0 0 0 0

a
Pe(sys) = 1+ e - e
£ (sys) P b—a

Solution of Standby Problem Using Convolution Derived by Laplace
The PDF of the system can be also be derived using Laplace Transforms as follows:

pdfgys = ft) =L {L[f; (] L[f> ()]

where L[f(t)] = Laplace Transform of f(t) = J.e_Stf(t) dt and f(’[):L'1 J.e_Stf (t) dt
0 0
— PDF g, = f(t) =L {L[ae —at ] [he ~ Dt ]}: L‘I{L- b } e
RA s+a s+b (s +a)s +b)
Using partial fraction methods ab = ab/(b-a) ab/(b-2) =
(s+a)(s+b) s+a s+b

! ab :L-l(ab/(b—a)j_L-l(ab/(b—a)) _ ab omat _ ab N

(s+a)s+Db) s+a s+b b—a b-a

ab — —b a _p b

PDF g = f(t) = — (e A _e t) = |Prisys) = L t—b_ae at
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Chapter 2 Reliability

Numerical Analysis Approach to Convolution

Theorem:
If f and g are functions such that all their derivatives exist, and if h(x) = f(x)g(x) then

0 1 2 n

Let h(x) = f(x)g(x) then

3
b0 3

2
_ 1 h”(0) 2
hGo =h(0) + hl(O)x + — = x7+ =

h(0) = f(0)g(0)
! (0)=£1(0)g(0)+f0)g (0)

h2(0)=12(0)g(0) +2£1(0)g (0) + f(0)g? (0)

h" (0) =[ jf“(0>g(0>+[ ]f“‘l(O)gl(on[ ]fn_z(O)gz(O) +...+(
0 1 2

Note: This example illustrates an exponential distribution convolved with another exponential distribution.

+---where

n n n n

J f(0)g" (0)

n

t
Recall PDF (Standby System) = '[ f(x)- g(t —x) dx where f(x) = PDF of Devicel,and g(x) = PDF of Device2
0
t

.. electrical Box A operating with electrical Box B on standby = PDF (Standby System) = J. ae 2% . pe PUX) gy
0
where a is the failure rate of Box A and b is the failure rate of Box B =
t
PDF (Standby System) = abj e . e7P(X) gy Let h(x) = f(x)g(x) where f(x) = ¢ and g(x) = 2% =
0
_ 1 _ 2 _ .2 n _ n_n
f0)=1, f'(0)=—a, f2(0)=a’, -, f"(0)=(-)"a" and
g0)=c", g'©)=be™, g2(O)=b% -, g"(0)=b"c " =
h(0)=¢ P, h'(0)=be ™ —ac™®, h?(0)=b%e O —2abe Pt +aZe ™, ...,
n n n n
0 1 2 n
h(x) = [1 + (b-a)x + (b2—-2ab+a%)x?/2! + (b>-3ab% +3a%b+a’)x> /31 +-- J SaLUEN
h(x) = [1 +(b-a)x + (b-a)2x2/2! + (b-a)’x3 /3! +... J e Pt — o(b-a)x bt

t t
From (1) PDF (Standby System) = ab J' h(x) dx = abe_btje(b_a)x dx = 20 (gt _ o bt
—a
0 0
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